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We constrain the neutrino properties in f(R) gravity using the latest observations from cosmic microwave
background(CMB) and baryon acoustic oscillation(BAO) measurements. We first constrain separately the total
mass of neutrinos
∑
mν and the effective number of neutrino species Neff . Then we constrain Neff and
∑
mν
simultaneously. We find
∑
mν < 0.462eV at a 95% confidence level for the combination of Planck CMB
data, WMAP CMB polarization data, BAO data and high-l data from the Atacama Cosmology Telescope and
the South Pole Telescope. We also find Neff = 3.32+0.54−0.51 at a 95% confidence level for the same data set.
When constraining Neff and
∑
mν simultaneously, we find Neff = 3.58+0.72−0.69 and
∑
mν < 0.860eV at a 95%
confidence level, respectively.
PACS numbers: 98.80.-k,04.50.Kd
I. INTRODUCTION
The determination of the neutrino mass is an important is-
sue in fundamental physics. The Standard Model of particle
physics had assumed that all three families of neutrinos: elec-
tron neutrinos νe, muon neutrinos νµ and tau neutrinos ντ are
massless, and that the neutrino cannot change its flavor from
one to another. However, the results from solar and atmo-
spheric experiments [1] showed that the flavour of neutrinos
could oscillate. The mixing and oscillating of flavors implies
nonzero differences between the neutrino masses, which in
turn indicates that the neutrinos have absolute mass. If the
neutrino does have absolute mass, it will be the lowest-energy
particle in the extensions of the Standard Model of particle
physics. However, such observations of flavor oscillations can
only show that the neutrinos have mass, and cannot exactly pin
down the absolute mass scale of neutrinos. Particle physics
experiments are able to place lower limits on the effective neu-
trino mass, which, however, depends on the hierarchy of the
neutrino mass spectra[2](also see Ref.[3] for reviews).
On the other hand, cosmological constraints on neutrino
properties are highly complementary to particle physics. Mas-
sive neutrinos, if above 1eV, will become nonrelativistic be-
fore recombination[4], leaving an impact on the first acoustic
peak in the cosmic microwave background(CMB) tempera-
ture angular power spectrum due to the early-time integrated
Sachs-Wolfe (ISW) effect; neutrinos with mass below 1eV
will become nonrelativistic after recombination, altering the
matter-radiation equality; the massive neutrino will also sup-
press the matter power spectrum on small scales, since neutri-
nos cannot cluster below the free-streaming scales [5](see[6]
for reviews). Combining various cosmological observations
can put rather tight constraints on the sum of the neu-
trino mass. The most recent measurements from the Planck
satellite[7] on the CMB in combination with the baryon
acoustic oscillation(BAO)[8–11], WMAP polarization(WP)
and the high-l data on the CMB from the Atacama Cosmology
Telescope(ACT)[12] and the South Pole Telescope(SPT)[13]
give an upper limit for the sum of the neutrino mass as
∗ Email address: jianhua.he@brera.inaf.it
∑
mν < 0.23eV(95%C.L.) in the spatially flat ΛCDM
model with the effective number of neutrino species asNeff =
3.04. It is even more promising that with the upcoming ESA
Euclid mission[14] in the near future, the neutrino mass can
be constrained up to an unprecedented accuracy simply by
cosmological observations[15]. The allowed neutrino mass
window could be closed by forthcoming cosmological obser-
vations.
Nevertheless, it is important to recall that the constraints
on neutrino properties are usually found within the context
of a ΛCDM model or within the context of a dark energy
model[16]. Considering different cosmological models, de-
generacies may arise among neutrinos and other cosmological
parameters. Cosmological constraints on neutrino properties
are highly model dependent. References[15, 17] have investi-
gated this issue in the framework of a dark energy model with
varying total neutrino mass and number of relativistic species.
The aim of this paper is, however, to extend such investiga-
tions to modified gravity models. For simplicity, we consider
the f(R) gravity [18] and particularly focus on a specific fam-
ily of f(R) models that can exactly reproduce the ΛCDM
background expansion history of the Universe. This family
of f(R) models has only one more parameter than the ΛCDM
model, which can be characterized by
B0 =
fRR
F
dR
dx
H
dH
dx
(a = 1) , (1)
which is approximately the squared Compton wavelengths in
units of the Hubble scale [19]. Cosmological constraints on
these models without taking into account neutrino mass have
already been presented in the literature. On linear scales, the
WMAP nine-year data in combination with the matter power
spectra of LRG from SDSS DR7 data can only put weak
constraints on these models: B0 < 3.86(95%C.L.)[20, 21].
Tighter constraints can be obtained from the galaxy-ISW
correlation data, which puts the constraint up to B0 <
0.376(95%C.L.)[20, 22]. Using the data of cluster abun-
dance, the constraints are dramatically improved up to B0 <
1.1 × 10−3(95%C.L.) [22, 23]. However, the tightest con-
straints so far come from the astrophysical tests[24] which
place the upper bound for B0 as B0 < 2.5 × 10−6. On
the other hand, the cosmological constraints on f(R) mod-
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2els taking into account neutrino mass have also already been
presented in the literature[25, 26]. However, these works are
done within the framework of parameterized gravities. We
still need to get more accurate results by solving the full lin-
ear perturbation equations in the f(R) gravity.
In this paper, we will explore the neutrino properties
in f(R) gravity based on our modified version of CAMB
code [27], which solves the full linear perturbation equations
in the f(R) gravity [20]. We will conduct the Markov chain
Monte Carlo(MCMC) analysis on our model based on the
COSMOMC package[28] and constrain the cosmological pa-
rameters using the latest observational data. Besides exam-
ining the total mass of active neutrinos
∑
mν , we will also
investigate the effective number of neutrino speciesNeff since
a detection of Neff > 3.04 will imply additional relativistic
relics or nonstandard neutrino properties[29].
This paper is organized as follows: in section II, we will
briefly outline the details of the basic equations in f(R) cos-
mological models. In section III, we will discuss about how
the f(R) gravity impacts on the neutrino constraints. In Sec.
IV, we will list the observational data used in this work. In
Sec. V, we will present the details of our numerical results. In
Sec. VI, we will summarize and conclude this work.
II. f(R) GRAVITY
In f(R) gravity, the Einstein-Hilbert action is given by
S =
1
2κ2
∫
d4x
√−gf(R) +
∫
d4xL(m) , (2)
where κ2 = 8piG and L(m) is the matter Lagrangian. With
variation with respect to gµν , we obtain the modified Einstein
equation
FRµν − 1
2
fgµν −∇µ∇νF + gµνF = κ2T (m)µν , (3)
where F = ∂f∂R . If we consider a homogeneous
and isotropic background universe described by the flat
Friedmann-Robertson-Walker(FRW) metric
ds2 = −dt2 + a2dx2 , (4)
the modified Friedmann equation in f(R) gravity is given
by[30]
H2 =
FR− f
6F
−H F˙
F
+
κ2
3F
ρ . (5)
Taking the derivative of the above equation, we obtain
F¨ + 2FH˙ −HF˙ = −κ2(ρ+ p) , (6)
where the dot denotes the time derivative with respect to the
cosmic time t, and ρ is the total energy density of the matter
which consists of the cold dark matter, baryon, photon, and
neutrinos. p is the total pressure in the Universe. If we convert
the derivatives in Eq.(6) from the cosmic time t to x = ln a ,
Eq.(6) can be written as
d2
dx2
F + (
1
2
d lnE
dx
− 1)dF
dx
+ (
d lnE
dx
)F =
κ2
3E
dρ
dx
, (7)
where E ≡ H2
H20
and dρdx = −3(ρ + p). For convenience, in
the above equation, the energy density ρ is in units of H20 , and
we set κ2 = 1 in our analysis. In order to mimic the ΛCDM
background expansion history, we can parameterize E(x) as
[31]
E(x) = (Ω0c+Ω
0
b)e
−3x+Ω0d+Ω
0
re
−4x[1+0.227Nefff(mνex/Tv0)] ,
(8)
which includes the effect of neutrinos. Ω0c and Ω
0
b represent
present-day cold dark matter and baryon density, respectively.
Ω0d is the effective dark energy density which is a constant.
Tν0 = (4/11)
1/3Tcmb = 1.945K is the present-day neutrino
temperature and Ω0r = 2.469× 10−5h−2 for Tcmb = 2.725K.
mν represents the neutrino mass and we assume that all mas-
sive neutrino species have the equal mass. The function f(y)
in the above expression is defined by
f(y) =
120
7pi4
∫ +∞
0
dx
x2
√
x2 + y2
ex + 1
. (9)
After fixing the background expansion, Eq.(7), governing the
behavior of the scale field F (x) in f(R) gravity, can be solved
numerically, given the initial condition in the deep-matter-
dominated epoch[20]:
F (x) ∼ 1 +D(e3x)p+ ,
dF (x)
dx
∼ 3Dp+(e3x)p+ ,
(10)
where the index is defined by p+ = 5+
√
73
12 . The above ini-
tial conditions are still applied here, because the relativistic
neutrinos are far less than the total amount of nonrelativistic
species(including baryons, cold dark matter and nonrelativis-
tic neutrino)in the Universe at this moment. Equation (7) has
analytical solutions[32] if we ignore the relativistic species in
the Universe. Noting the fact that p+ > 0, our model only has
growing modes in the solutions of Eq.(7), which satisfy
lim
x→−∞F (x) = 1 , (11)
and our model thus can go back to the ΛCDM model at high
redshift.
This family of f(R) models has only one more parameter
than the ΛCDM model, which can be characterized either by
D or by the Compton wavelengths B0. In this work, we will
sample D directly in our MCMC analysis and treat B0 as a
derived parameter. In order to avoid the instabilities in the
high-curvature region[33], we need to setD < 0, which keeps
the Compton wavelength B always positive during the past
expansion of the Universe B > 0.
We set the initial conditions for the background in Eq.(6)
roughly at the point ai ∼ 0.03 around which the value of the
3scalar field F (x) obtained by solving Eq.(6)rather weakly de-
pends on the exact choice of ai , given Eq(10) as the initial
conditions. For the perturbed spacetime, we solve the full lin-
ear perturbation equations in the f(R) gravity based on our
modified version of the CAMB code [20]. In our code, we
plug in the f(R) gravity perturbation at a = 0.03, before
which we set the perturbation as δF = 0, ˙δF = 0 such that
the equations completely go back to the standard equations in
the ΛCDM model.
III. THE INTEGRATED SACHS−WOLFE EFFECT AND
THE CMB LENSING
Before going further to present our MCMC analysis, we
will discuss in this section about how the f(R) gravity im-
pacts the neutrino constraints. The f(R) model studied in
this paper actually has rather weak impacts on the early Uni-
verse. It only has late-time effects and impacts mainly on the
late-time integrated Sachs−Wolfe(ISW) effect and the CMB
lensing. For the ISW effect, the f(R) gravity will suppress
the power of the ISW quadrupole as the parameter B0 which
characterizes the f(R) gravity is relatively small [19]. As B0
increases, the suppression will reach its maximum and then
become reduced. Further increasing B0, there is a turnaround
point above which the suppression will turn into excess, which
increases the power of the ISW quadrupole as well as the total
quadrupole. In order to better understand this phenomenon, in
Fig.1 we plot the total temperature angular power spectra and
the ISW spectra as well, which are calculated by
CISWl = 4pi
∫
dk
k
Pχ|∆ISWl (k, η0)|2 , (12)
where
∆ISWl = −2
∫ η0
ηi
dηjl(k[η0 − η])e−ε
[
dΦ−
dη
]
. (13)
Pχ is the primordial power spectrum, jl(x) is the spherical
Bessel function, and ε is the optical depth between η and the
present. The potential Φ− which accounts for the ISW effect,
is defined by
2Φ− = Φ−Ψ = −1
k
dσ
dη
− ηT , (14)
and its derivative with respect to the conformal time η is given
by
2
[
dΦ−
dη
]
=
dΦ
dη
− dΨ
dη
= −
(
1
k
d2σ
dη2
+
kσ
3
− kZ
3
)
,
(15)
where Φ and Ψ in the above equation are the Bardeen
potentials[34] and σ, Z , ηT are the perturbation quantities in
the synchronous gauge. We present the equivalent expressions
in the synchronous gauge for Φ− here because the CAMB
code is based on the synchronous gauge.
For illustrative purposes, we take the cosmological pa-
rameters for the fiducial model as the best-fitted values of
the ΛCDM model as reported by the Planck team Ω0b =
0.049,Ωc = 0.267,ΩΛ = 0.684, h = 0.6711, ns =
0.962, 109As = 2.215, τ = 0.0925[7]. From Fig.1, we can
see that the suppression of the ISW power spectra reaches its
maximal around D ∼ −0.25(B0 ∼ 0.92) then the power
turns to grow from its minimal as further increasing the value
of |D|. Around D ∼ −0.45(B0 ∼ 1.94), the power spec-
tra of the f(R) model go back to being similar to that of
the ΛCDM model. The f(R) gravity and the ΛCDM model
give almost the same temperature angular power spectrum at
this point. However, the value of B0 for this point depends
on the cosmological parameters of the fiducial model. To
show this, in Fig.2, we plot the power spectra of the model
with different values of Ωm = 0.24 and h = 0.73 which
are the same as those used in Ref. [19] and keep the other
cosmological parameters unchanged. We find that around
D ∼ −0.37(B0 ∼ 1.5) , the suppression reaches its maxi-
mal and around D ∼ −0.60(B0 ∼ 3), the power spectra go
back to being similar to that of the ΛCDM model. Our results
are actually well consistent with Ref. [19], if we take the same
values of the cosmological parameters.
In Fig. 3, we show the angular power spectra of the lens-
ing potential ψ ≡ −Φ− for a few representative values of
D. From Fig. 3, we can see that, contrary to the ISW effect,
f(R) gravity always enhances the power of the lensing po-
tential. The larger the value of |D|, or equivalently, of B0,
the more enhancement in the power spectrum of the potential.
We should remark here that in the original CAMB code, ψ is
calculated by using an approximation. However, this approx-
imation does not apply to the f(R) gravity. We need to use
the exact expression of Eq.(14) to calculate ψ instead. Then
we follow the standard routine in the CAMB code to calculate
Cψl . The detailed derivations of C
ψ
l can be found in Ref. [35].
The phenomenon as described above of the impact of the
f(R) gravity on the ISW effect (e.g. Fig.1,Fig.2) and the
CMB lensing (e.g. Fig.3) can be explained by the evolution of
the metric potential Φ−[19]. In Fig. 4, we show the value
of Φ−/Φ−i with respect to the scale factor a. We choose
the wave number as k = 3 × 10−3hMpc−1 from which the
power of the quadrupole mainly arises[19]. Φ− is calculated
by Eq.(14) and Φ−i is the value of the potential in the ΛCDM
model at a = 0.03. As is well-known, the ISW effect is driven
by the evolution of the potential Φ−, which depends on the rel-
ative difference of the potential Φ− at the initial time Φ−i and
the present time Φ−0. From Fig. 4, we can see that the grav-
itational potential Φ− always decays in the ΛCDM model at
late times of the Universe. However, in the f(R) gravity, the
potential will be enhanced against such decay due to the ex-
istence of the extra scalar field δF . Φ− in the f(R) gravity
will decay less than that in the ΛCDM model when the value
of B0 is relatively small (e.g. B0 = 0.161). Then, for a cer-
tain value of B0 (e.g.B0 ∼ 0.920), Φ−0 at present will be
comparable to Φ−i at early times. The ISW effect is canceled
out at this point. For large enough B0 (e.g. B0 = 1.938),
the potential at present will overwhelm the potential at early
times Φ−0 > Φ−i and the ISW effect in the f(R) gravity will
change its sign. However, the amplitude of the ISW effect in-
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FIG. 1. The angular power spectrum of the total CMB temperature
and the ISW effect at low multipoles. The f(R) gravity will sup-
press power of the ISW effect(solid lines) and the power reaches its
minimal around D ∼ −0.25(B0 ∼ 0.92) then the power turns to
grow as further increasing the value of |D|(dashed lines). Around
D ∼ −0.45(B0 ∼ 1.94), the power spectrum of the f(R) model
almost overlaps with that of the ΛCDM model.
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FIG. 2. Similar to Fig. 1 but with different cosmological param-
eters. The suppression (solid lines) reaches its maximal around
D ∼ −0.37(B0 ∼ 1.5) and then around D ∼ −0.60(B0 ∼ 3)
the power spectrum goes back (dashed lines) to that of the ΛCDM
model.
creases with B0 as B0 becomes much larger. This explains
what we observed in Fig. 1 and Fig. 2. For the CMB lens-
ing, we can find that, contrary to the ISW effect, the angular
power spectrum of the lensing potential Cψl [35] depends on
the absolute value of the amplitude of the potential Φ−, which
increases monotonously with B0 as shown in Fig. 4. It is the
case, therefore, that the larger the value of B0, the larger the
101 102 103
l
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
l4
C
ψ l
×1
0
−
6
Ω0m =0.316
h=0.67
ΛCDM
D=−0.05(B0 =0.161)
D=−0.15(B0 =0.515)
D=−0.20(B0 =0.711)
D=−0.25(B0 =0.920)
D=−0.35(B0 =1.389)
D=−0.45(B0 =1.938)
D=−0.55(B0 =2.587)
FIG. 3. The impact of the f(R) gravity on the angular power spec-
trum of the lensing potential.
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FIG. 4. Evolution of metric fluctuations Φ− for the ΛCDM model
and a few representative values of D in the f(R) models. Φ−i is the
value of the potential in the ΛCDM model at a = 0.03. The potential
Φ− is always enhanced in the f(R) gravity.
power of Cψl .
On the other hand, neutrinos with mass heavier than a few
eV will become nonrelativistic before the recombination, trig-
gering significant impact on the CMB anisotropy spectrum.
However, this situation is strongly disfavoured by current ob-
servational bounds even in the case of f(R) gravity as we
shall see later. Therefore, we will not discuss this case here.
Neutrinos with a mass ranging from 10−3 eV to 1eV will be
relativistic at the time of matter-radiation equality and will be
nonrelativistic today, which can potentially impact the CMB
in three ways(see [6] for reviews). The massive neutrino can
shift the redshift of equality which affects the position and am-
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FIG. 5. The impact of massive neutrinos on the temperature angular
power spectrum and ISW effect.
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FIG. 6. The impact of massive neutrinos on the angular power spec-
trum of the lensing potential.
plitude of the peaks; it can also change the angular diameter
distance to the last scattering surface which affects the overall
position of CMB spectrum features; the massive neutrino can
affect the late time ISW effect as well. We will focus on the
ISW effect in this work. In Fig. 5, we plot the total angular
power spectrum and ISW effect for a few representative val-
ues of the density of the massive neutrinos Ων . We can see
that the massive neutrinos will suppress the power of the ISW
effect and the power of the total power spectrum. We also
plot the impact of the massive neutrinos on the angular power
spectrum of the lensing potential in Fig. 6. We can see that
the massive neutrinos will always enhance the power of the
lensing potentials.
From the above analysis, we can see that with the cos-
mological parameters of the fiducial model around Ωm ∼
0.32,h ∼ 0.67, which is favored by the Planck results [7], if
B0 < 0.92, the impact of f(R) gravity on the ISW effect and
the CMB lensing is degenerate with the impact of the mas-
sive neutrinos. Moreover, for f(R) models with B0 > 0.92,
the impact of f(R) gravity on the ISW effect could partially
compensate the effect of massive neutrinos since f(R) gravity
enhances the power as B0 grows if B0 > 0.92. This compen-
sation would further boost the degeneracy between B0 and∑
mν as we shall see later.
IV. CURRENT OBSERVATIONAL DATA
In this work, we adopt the CMB data from the Planck
satellite[7], as well as the high-l data from the Ata-
cama Cosmology Telescope(ACT)[12] and the South Pole
Telescope(SPT)[13]. For the Planck data, we use the likeli-
hood code provided by the Planck team, which includes the
high-multipoles l > 50 likelihood following the CamSpec
methodology and the low-multipoles (2 < l < 49) likelihood
based on a Blackwell-Rao estimator applied to Gibbs samples
computed by the Commander algorithm. For the high-l data,
we include the ACT 148 × 148 spectra for l ≥ 1000, and the
ACT 148× 218 and 218× 218 spectra for l ≥ 1500. For SPT
data, we only use the high multipoles with l > 2000. In our
analysis, the WMAP polarization data will be used along with
Planck temperature data.
For comparison, we also present the results obtained from
WMAP nine-year data in this work. The likelihood code[36]
contains both temperature and polarization data. The temper-
ature data include the CMB anisotropies on scales 2 ≤ l ≤
1200;the polarization data contain TE/EE/BB power spectra
on scales (2 ≤ l ≤ 23) and TE power spectra on scales
(24 ≤ l ≤ 800).
In addition to the CMB data, we also add the measurement
on the distance indicator from the baryon acoustic oscilla-
tions(BAO) surveys. BAO surveys measure the distance ratio
between rs(zdrag) and Dv(z)
dz =
rs(zdrag)
Dv(z)
, (16)
where rs(zdrag) is the comoving sound horizon at the baryon
drag epoch, which is defined by
rs(z) =
∫ η(z)
0
dη√
3(1 +R)
, (17)
where η is the conformal time and R ≡ 3ρb/(4ρr). The drag
redshift zdrag indicates the epoch for which the Compton drag
balances the gravitational force, which happens at gd ∼ 1,
where
gd(η) =
∫ η
η0
g˙dη/R , (18)
with g˙ = −aneσT (where ne is the density of free electrons
and σT is the Thomson cross section). zdrag is defined by
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FIG. 7. Linear matter power spectrum for a few representative values
ofD at redshift z = 0. It is clear that the scale-dependent growth his-
tory changes not only the amplitude but also the shape of the matter
power spectra.
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FIG. 8. The 2-point correlation function in real-space. Although the
shape is sensitive to the value of D, the BAO scale does not change
in this family of f(R) models.
gd(η(zdrag)) = 1. The quantityDv(z) is a combination of the
angular diameter distance DA(z) and the Hubble parameter
H(z).
Dv(z) =
[
(1 + z)2D2A(z)
cz
H(z)
]1/3
. (19)
Although the f(R) model studied in this work exhibits strong
scale-dependent growth history even in the linear regime(see
Fig 7), which changes not only the amplitude but also the
shape of the matter power spectra, in real space the scale of the
BAO peak in the two-point correlation function of the density
field does not change for this family of f(R) models:
ξ(r) =
1
2pi2
∫
dkk2PL(k)
sin(kr)
kr
. (20)
From Fig 8, we can see that the BAO scales do not shift in
this family of f(R) models. The locations of the BAO peaks
in the f(R) models relative to that in the ΛCDM model shift
no more than ±1.5Mpc/h, which is mainly subject to the nu-
merical errors. In this paper, we therefore can safely adopt the
BAO data. We follow the Planck analysis [7] and use the BAO
measurements from four different redshift surveys:z = 0.57
from the BOSS DR9 measurement [8]; z = 0.1 from the 6dF
Galaxy Survey measurement [9]; z = 0.44, 0.60 and 0.73
from the WiggleZ measurement[10]; z = 0.2 and z = 0.35
from the SDSS DR7 measurement[11].
V. NUMERICAL RESULTS
In this section, we explore the cosmological parameter
space in our f(R) model using the Markov chain Monte Carlo
analysis. Our analysis is based on the public available code
COSMOMC [28] as well as a modified version of the CAMB
code which solves the full linear perturbation equations in the
f(R) gravity [20]. The parameter space of our model is
P = (Ωbh
2,Ωch
2, 100θMC, ln[10
10As], ns, τ,
∑
mν , Neff , D) ,
(21)
where Ωbh2 and Ωch2 are the physical baryon and cold dark
matter energy densities respectively, 100θMC is the angular
size of the acoustic horizon,As is the amplitude of the primor-
dial curvature perturbation, ns is the scalar spectrum power-
law index, τ is the optical depth due to reionization,
∑
mν is
the sum of the neutrino mass in eV, Neff is the effective num-
ber of neutrinolike relativistic degrees of freedom and D is
the parameter which characterizes the f(R) gravity. We will
sample the parameter D directly in our work and treat B0 as
a derived parameter. The priors for the cosmological parame-
ters are listed in Table I.
In this work, we will pay particular attention to the neutrino
properties. We will fix Neff = 3.046 to constrain the total
mass of neutrinos
∑
mν and, in turn, fix
∑
mν = 0.06[eV]
to constrain the effective number of neutrino species Neff . Fi-
nally, we will constrain Neff and
∑
mν simultaneously.
A. Constraints on the total mass of active neutrinos
In this subsection, we report the constraints on the total
mass of active neutrinos
∑
mν assuming Neff = 3.046. The
numerical results are shown in Table II. In Fig.10, we show
the one-dimensional marginalized likelihood for the total neu-
trino mass
∑
mν as well as other cosmological parameters
D, ns, Ωch
2, 100θMC, H0. We start by presenting
the results obtained from the data combinations associated
with WMAP nine-year data . From TableII, we can find that
WMAP nine-year data along place very poor constraints on
7TABLE I. Uniform priors for the cosmological parameters
0.005 < Ωbh
2 < 0.1
0.001 < Ωch
2 < 0.99
0.5 < 100θMC < 10.0
0.01 < τ < 0.8
0.9 < ns < 1.1
2.7 < ln[1010As] < 4.0
−1.2 < D < 0
0 <
∑
mν < 5
0.05 < Neff < 10.0
∑
mν ,Ωch2 and H0.
∑
mν remains almost unconstrained
and the 2σ(95%C.L.) range of marginalized likelihood for∑
mν almost spans the whole range as our priors listed in
Table I. However, if we add the BAO data, the constraint can
be improved significantly, because the BAO data can improve
the constraint on H0 and breaks the degeneracy between H0
and
∑
mν . The combination of WMAP+BAO gives∑
mν < 0.802eV(95%C.L.; WMAP9 + BAO) .
However, adding the BAO data does not improve the con-
straint on f(R) gravity. We find D < 0.542(B0 <
2.54)(95%C.L.; WMAP + BAO) which is even slightly
larger than the constraints obtained from WMAP data alone
D < 0.518(B0 < 2.37)(95%C.L.; WMAP). Adding the
high-l measurement from the CMB can further improve the
constraint on
∑
mν because the WMAP data do not have
enough accuracy on the high-l angular power spectra. The
combination of WMAP9+BAO+highL places the constraint
at∑
mν < 0.608eV(95%C.L.; WMAP9 + BAO + highL) .
Compared with the constraints associated with WMAP
data, Planck data show more robust constraints on
∑
mν as
well as the f(R) gravity. Although the Planck data alone in
combination with WMAP polarization(WP) data only place
very weak constraints on the total neutrino mass,∑
mν < 0.928eV(95%C.L.; Planck + WP) ,
they put tighter constraints on the f(R) gravity D <
0.346(B0 < 1.36)(95%C.L.) due to fact that f(R) gravity
produces the quadrupole suppression on the temperature an-
gular power spectra[19] and the Planck data have a more accu-
rate measurement on the large-scale (2 < l < 50) temperature
angular power spectra than that of the WMAP data. The data
combination Planck+WP, however, can not put a tight con-
straint onH0, as shown in Fig.10. Planck+WP therefore gives
very poor constraint on
∑
mν due to the degeneracy between
H0 and
∑
mν . Therefore, it can be expected that adding BAO
data can improve the constraints significantly. We find∑
mν < 0.463eV(95%C.L.; Planck + WP + BAO) ,
with |D| < 0.379(B0 < 1.54)(95%C.L.). The constraint on∑
mν has been improved by almost 50% by adding the BAO
0.0 0.3 0.6 0.9 1.2 1.5
Σmν
0.0
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1.0
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Planck+WP+BAO+HighL
FIG. 9. Marginalized two-dimensional likelihood (1, 2σ contours)
constraints on B0 and
∑
mν . There are degeneracies between these
two parameters. When B0 > 1, there are tails in the contours, which
means the degeneracy sharpens here. This is because the impact of
f(R) gravity on the ISW effect could be partially compensated by
the impact of massive neutrinos if B0 > 1.
data. On the other hand, we find that the high-l data do not
show a significant improvement on the constraint of
∑
mν
but slightly improve on the constraint of f(R) gravity due to
the tighter constraint on Ωch2(see Table II). We find∑
mν < 0.462eV(95%C.L.; Planck + WP + BAO + highL)
and |D| < 0.298(B0 < 1.14)(95%C.L.). In order to show the
degeneracy between B0 and
∑
mν . We plot the Marginal-
ized two-dimensional likelihood (1, 2σ contours) constraints
on B0 and
∑
mν in Fig 9. We can see that when B0 > 1,
there are tails in the contours, which means the degeneracy
sharpens here. This is because the impact of f(R) gravity on
the ISW effect could partially be compensated by the massive
neutrinos if B0 > 1 as discussed previously.
B. Constraints on Neff
In this subsection, we consider the constraints on the ef-
fective number of neutrino species, Neff , assuming the total
8TABLE II. Cosmological parameter values for the f(R) models with Neff = 3.046. B0 is a derived parameter.
Parameters WMAP9 WMAP9+BAO WMAP9+BAO+highL Planck+WP Planck+WP+BAO Planck+WP+BAO+highL
Ωbh
2 0.02288+0.00072−0.00072 0.02278
+0.00050
−0.00050 0.02273
+0.00026
−0.00026 0.02252
+0.00035
−0.00035 0.02264
+0.00032
−0.00032 0.02259
+0.00029
−0.00029
Ωch
2 0.1090+0.0130−0.0130 0.1138
+0.0039
−0.0039 0.1149
+0.0023
−0.0023 0.1176
+0.0028
−0.0028 0.1170
+0.0023
−0.0023 0.1170
+0.0021
−0.0021
100θMC 1.0426
+0.0033
−0.0033 1.0415
+0.0023
−0.0023 1.0424
+0.0006
−0.0006 1.0417
+0.0007
−0.0007 1.0419
+0.0006
−0.0006 1.0418
+0.0006
−0.0006
τ 0.0835+0.0126−0.0126 0.0854
+0.0128
−0.0128 0.0813
+0.0114
−0.0114 0.0809
+0.012
−0.012 0.0822
+0.012
−0.012 0.0815
+0.012
−0.012
ns 0.9562
+0.0163
−0.0163 0.9656
+0.0111
−0.0111 0.9621
+0.0053
−0.0053 0.9621
+0.0099
−0.0099 0.9682
+0.0060
−0.0060 0.9648
+0.0055
−0.0055
ln[1010As] 3.074+0.027−0.027 3.077
+0.029
−0.029 3.060
+0.021
−0.021 3.063
+0.023
−0.023 3.065
+0.025
−0.025 3.062
+0.022
−0.022
|D| < 0.518(95%C.L.) < 0.542(95%C.L.) < 0.452(95%C.L.) < 0.346(95%C.L.) < 0.379(95%C.L.) < 0.298(95%C.L.)
(B0) < 2.37(95%C.L.) < 2.54(95%C.L.) < 1.99(95%C.L.) < 1.36(95%C.L.) < 1.54(95%C.L.) < 1.14(95%C.L.)∑
mν [eV] < 5(95%C.L.) < 0.802(95%C.L.) < 0.608(95%C.L.) < 0.928(95%C.L.) < 0.463(95%C.L.) < 0.462(95%C.L.)
0.75 0.60 0.45 0.30 0.15
D
1 2 3 4
Σmν [eV]
0.92 0.94 0.96 0.98 1.00
ns
0.08 0.10 0.12
Ωch
2
1.036 1.040 1.044 1.048 1.052
100θMC
60 65 70
H0
Neff =3.046
WMAP9 WMAP9+BAO WMAP9+BAO+highL Planck+WP Planck+WP+BAO Planck+WP+BAO+highL
FIG. 10. One-dimensional marginalized likelihood for the total neutrino mass
∑
mν as well as other cosmological parameters
D, ns, Ωch
2, 100θMC, H0. In these f(R) models, we set Neff = 3.046.
mass of active neutrinos as
∑
mν = 0.06eV. The numerical
results are shown in Table III. In Fig.11, we show the one-
dimensional marginalized likelihood on the effective number
of neutrino species Neff as well as other cosmological param-
eters D, ns, Ωch2, 100θMC, H0. WMAP nine-year
data along place rather weak constraints on the effective num-
ber of neutrino species
Neff = 3.28
+3.33
−2.86(95%; WMAP9)
at the 95% C.L. However, the constraints on Neff as well
as other cosmological parameters are improved significantly
when the BAO data are added. The combination of the
WMAP+BAO data set improve the constraint on Neff up to
Neff = 2.99
+1.92
−1.82(95%; WMAP9 + BAO) .
We find that after adding the high-l data, the constraints can
be further improved.
Neff = 2.92
+0.53
−0.55(95%; WMAP9 + BAO + highL) .
The error bars have shrunk almost by 50% compared to the
case without the high-l data. The other cosmological pa-
rameters are also better constrained after adding the high-l
data(see Table III). Particularly, Ωch2 is constrained up to
0.1151+0.0048−0.0048 where the error bars have reduced by almost
75%. For the WMAP data set, we can find that the results are
compatible with the standard value Neff = 3.046 within the
1σ range.
Compared with the results obtained from the combination
of WMAP data, Planck data show robust constraints on Neff
as well as the f(R) gravity. Planck data alone in combina-
9tion with WMAP polarization(WP) data (Planck+WP) give
the constraints as
Neff = 3.43
+0.76
−0.76(95%; Planck + WP) .
The best-fit value strongly favors Neff > 3.046, which in-
dicates the existence of extra species of relativistic neutri-
nos. The standard value Neff = 3.046 is only on the edge of
the 1σ range (see Table III) but is still compatible within the
2σ range. Adding the BAO data can improve the constraints
significantly. The combination of Planck+WP+BAO data set
gives
Neff = 3.24
+0.55
−0.53(95%; Planck + WP + BAO) .
However, we find that further adding the high-l data does not
show a significant improvement on the constraint ofNeff . The
combination of Planck+WP+BAO+highL data sets only give
Neff = 3.32
+0.54
−0.51(95%; Planck + WP + BAO + highL) ,
which is almost the same as the result in the ΛCDM model
as reported by Planck team Neff = 3.30+0.54−0.51(95%C.L.)[7].
This result is expected because the f(R) models investigated
in this work only change the late-time growth history of the
Universe and do not change the matter-radiation equality. If
the parameter Ωc in the f(R) gravity model is tightly con-
strained, the constraints on Neff , in this case, should be quite
close to that in the ΛCDM model.
C. Simultaneous constraints on Neff and
∑
mν
In this subsection, we report the joint constraints on the to-
tal mass of active neutrinos
∑
mν and the effective number of
species Neff . In this work, we assume three active neutrinos
share a mass mν =
∑
mν/3. The extra species of neutrinos
δNeff = Neff − 3.046 are relativistic and massless. When
Neff < 3.046 , the temperature of the three active neutrinos
is reduced accordingly, and no additional relativistic species
are assumed. Based on these assumptions, we conduct the
MCMC analysis and the numerical results are shown in ta-
ble IV. In Fig.12, we show the one-dimensional marginalized
likelihood on
∑
mν , Neff and other cosmological parame-
tersD, ns, Ωch2, 100θMC. We first present the results
obtained from the data combination associated with WMAP
data. WMAP data along yields very poor constraints on both∑
mν and Neff
Neff = 5.96
+4.04
−3.42∑
mν < 5eV
}
(95%; WMAP9). (22)
The
∑
mν remains almost unconstrained and the error bars
on Neff are quite large. However, these bounds can be signifi-
cantly tightened by adding BAO data. We find
Neff = 3.39
+2.21
−1.94∑
mν < 5eV
}
(95%; WMAP9 + BAO). (23)
However,
∑
mν still remains almost unconstrained. After
adding the high-l data, we find the constraints are improved
significantly.
Neff = 3.10
+0.62
−0.59∑
mν < 0.712eV
}
(95%; WMAP9 + BAO + highL).
(24)
Similar to previous sections, the Planck data again show ro-
bust constraint on both Neff and
∑
mν . We find
Neff = 3.66
+1.17
−0.99∑
mν < 2.21eV
}
(95%; Planck + WP). (25)
However, compared with the results in previous section where∑
mν is fixed, the constraint onNeff , in this section, is clearly
weakened if
∑
mν can vary. This point is quite different
from the case in the ΛCDM model as reported by the Planck
team[7], where the joint constraints do not differ very much
from the bounds obtained when introducing these parameters
separately. This is because
∑
mν is degenerate with f(R)
gravity and looses the constraint on Ωmh2 = Ωνh2 + Ωch2 +
Ωbh
2 and so does the matter-radiation equality. The constraint
onNeff is, therefore, weakened as well. After adding the BAO
data, the constraints are improved up to
Neff = 3.49
+0.73
−0.71∑
mν < 0.826eV
}
(95%; Planck + WP + BAO).
(26)
However, we find that adding the high-l data does not show
significant improvement on the constraints.
Neff = 3.58
+0.72
−0.69∑
mν < 0.860eV
}
(95%; Planck + WP + BAO + highL).
(27)
VI. CONCLUSIONS
In this work, we have analyzed the performance of con-
straints on neutrino properties from the latest cosmological
observations in the framework of f(R) gravity using massive
MCMC analysis. We have analyzed the constraints on the
total mass of neutrinos
∑
mν assuming Neff = 3.046; we
have also analyzed the constraints on the effective number of
neutrino species Neff assuming
∑
mν = 0.06[eV];finally,we
have analyzed the constraints on Neff and
∑
mν simultane-
ously.
To conclude, we summarize our main results with the tight-
est error bars in TableV and also compare them with the re-
sults obtained by the Planck team[7] within the context of the
ΛCDM model. We can find that the constraints on
∑
mν
when fixing Neff = 3.046 in f(R) gravity are a factor of 2
larger than those of the ΛCDM model. When fixing
∑
mν =
0.06eV, the constraint on Neff in f(R) gravity is almost the
same as that in the ΛCDM model. However, when running∑
mν and Neff simultaneously, the constraints on Neff and∑
mν in the f(R) model are both significantly weaker than
that in the ΛCDM model due to the degeneracy between the
late time growth history in f(R) gravity and
∑
mν .
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TABLE III. Cosmological parameter values for the f(R) models with
∑
mν = 0.06[eV]. B0 is a derived parameter.
Parameters WMAP9 WMAP9+BAO WMAP9+BAO+highL Planck+WP Planck+WP+BAO Planck+WP+BAO+highL
Ωbh
2 0.02288+0.00052−0.00052 0.02270
+0.00046
−0.00046 0.02252
+0.00027
−0.00027 0.02296
+0.00048
−0.00048 0.02268
+0.00031
−0.00031 0.02269
+0.00031
−0.00031
Ωch
2 0.1190+0.0280−0.0280 0.1163
+0.0171
−0.0171 0.1151
+0.0048
−0.0048 0.1220
+0.0052
−0.0052 0.1212
+0.0048
−0.0048 0.1226
+0.0046
−0.0046
100θMC 1.0422
+0.0060
−0.0060 1.0418
+0.0041
−0.0041 1.0424
+0.0008
−0.0008 1.0414
+0.0008
−0.0008 1.0414
+0.0007
−0.0007 1.0413
+0.0007
−0.0007
τ 0.0854+0.0126−0.0126 0.0824
+0.0117
−0.0117 0.0793
+0.0109
−0.0109 0.0834
+0.0120
−0.0120 0.0808
+0.0117
−0.0117 0.0810
+0.0116
−0.0116
ns 0.9713
+0.0267
−0.0267 0.9638
+0.0172
−0.0172 0.9570
+0.0099
−0.0099 0.9840
+0.0171
−0.0171 0.9731
+0.0099
−0.0099 0.9729
+0.0101
−0.0101
ln[1010As] 3.082+0.063−0.063 3.077
+0.044
−0.044 3.058
+0.026
−0.026 3.081
+0.027
−0.027 3.074
+0.025
−0.025 3.076
+0.025
−0.025
|D| < 0.639(95%C.L.) < 0.517(95%C.L.) < 0.205(95%C.L.) < 0.616(95%C.L.) < 0.188(95%C.L.) < 0.177(95%C.L.)
(B0) < 3.25(95%C.L.) < 2.37(95%C.L.) < 0.728(95%C.L.) < 3.08(95%C.L.) < 0.674(95%C.L.) < 0.628(95%C.L.)
Neff 3.28
+1.06(+3.33)
−2.13(−2.86) 2.99
+0.65(+1.92)
−1.06(−1.82) 2.92
+0.27(+0.53)
−0.27(−0.55) 3.43
+0.33(+0.76)
−0.39(−0.76) 3.24
+0.27(+0.55)
−0.27(−0.53) 3.32
+0.26(+0.54)
−0.27(−0.51)
0.8 0.6 0.4 0.2
D
2 4 6 8
Neff
0.93 0.96 0.99 1.02
ns
0.12 0.16 0.20
Ωch
2
1.032 1.040 1.048 1.056
100θMC
64 72 80 88
H0
∑
mν=0.06[eV]
WMAP9 WMAP9+BAO WMAP9+BAO+highL Planck+WP Planck+WP+BAO Planck+WP+BAO+highL
FIG. 11. One-dimensional marginalized likelihood on the effective number of neutrino species Neff as well as other cosmological parameters
D, ns, Ωch
2, 100θMC, H0. In these f(R) models, we set
∑
mν = 0.06[eV].
TABLE IV. Cosmological parameter values for the f(R) models with constraining
∑
mν andNeff simultaneously. B0 is a derived parameter.
Parameters WMAP9 WMAP9+BAO WMAP9+BAO+highL Planck+WP Planck+WP+BAO Planck+WP+BAO+highL
Ωbh
2 0.02324+0.00068−0.00068 0.02296
+0.00066
−0.00066 0.02277
+0.00032
−0.00032 0.02304
+0.00059
−0.00059 0.02299
+0.00042
−0.00042 0.02299
+0.00042
−0.00042
Ωch
2 0.1455+0.0342−0.0342 0.1143
+0.0145
−0.0145 0.1154
+0.0049
−0.0049 0.1233
+0.0056
−0.0056 0.1220
+0.0049
−0.0049 0.1234
+0.0048
−0.0048
100θMC 1.0375
+0.0044
−0.0044 1.0417
+0.0038
−0.0038 1.0423
+0.0008
−0.0008 1.0412
+0.0008
−0.0008 1.0413
+0.0007
−0.0007 1.0412
+0.0007
−0.0007
τ 0.0846+0.0134−0.0134 0.0855
+0.0128
−0.0128 0.0821
+0.0121
−0.0121 0.0874
+0.0138
−0.0138 0.0835
+0.0127
−0.0127 0.0860
+0.0124
−0.0124
ns 0.9872
+0.0272
−0.0272 0.9688
+0.0172
−0.0172 0.9638
+0.0111
−0.0111 0.9815
+0.0196
−0.0196 0.9819
+0.0126
−0.0126 0.9817
+0.0125
−0.0125
ln[1010As] 3.156+0.063−0.063 3.082
+0.045
−0.045 3.062
+0.027
−0.027 3.093
+0.033
−0.033 3.079
+0.027
−0.027 3.086
+0.027
−0.027
|D| < 0.565(95%C.L.) < 0.553(95%C.L.) < 0.490(95%C.L.) < 0.596(95%C.L.) < 0.536(95%C.L.) < 0.525(95%C.L.)
(B0) < 2.70(95%C.L.) < 2.62(95%C.L.) < 2.23(95%C.L.) < 2.92(95%C.L.) < 2.50(95%C.L.) < 2.43(95%C.L.)
Neff 5.96
+2.17(+4.04)
−2.30(−3.42) 3.39
+0.81(+2.21)
−1.27(−1.94) 3.10
+0.31(+0.62)
−0.33(−0.59) 3.66
+0.37(+1.17)
−0.63(−0.99) 3.49
+0.30(+0.73)
−0.39(−0.71) 3.58
+0.33(+0.72)
−0.39(−0.69)∑
mν [eV] < 5(95%C.L.) < 5(95%C.L.) < 0.712(95%C.L.) < 2.21(95%C.L.) < 0.826(95%C.L.) < 0.860(95%C.L.)
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FIG. 12. One-dimensional marginalized likelihood on
∑
mν , Neff and other cosmological parameters D, ns, Ωch2, 100θMC.
TABLE V. The comparison of fitting results in the f(R) models and the ΛCDM model.
Data Planck+WP+highL+BAO
Model ΛCDM(95%C.L.) f(R)(95%C.L.)
Neff = 3.046∑
mν < 0.23eV < 0.462eV∑
mν = 0.06eV
Neff Neff = 3.30
+0.54
−0.51 Neff = 3.32
+0.54
−0.51
Simultaneous constraints on Neff and
∑
mν
Neff Neff = 3.32
+0.54
−0.52 Neff = 3.58
+0.72
−0.69∑
mν < 0.28eV < 0.860eV
In summary, constraints on neutrino properties from cos-
mological observations are highly model dependent. Tighter
constraints on the neutrino properties can only be achieved
when the modified gravity models are also well constrained.
Stringent constraints on the f(R) model can be obtained on
nonlinear scales using the data from cluster abundance[37].
However, the chameleon mechanism[38, 39] plays an impor-
tant role on nonlinear scales. At early times, since the back-
ground curvature is very high, the nonliner perturbation for
the f(R) models which can go back to the ΛCDM model at
high curvature regime limR→+∞ F (R) = 1 generally follows
the "high-curvature solution" [40], where the effective New-
tonian constant in overdensity regions is extremely close to
that of the standard gravity Geff ∼ G[41] and the chameleon
mechanism works very efficiently in this period. If the "high-
curvature solution" in high density regions could persist un-
til present day, the thin-shell structure can be formed natu-
rally in high density regions for the galaxies in the Universe.
If the galaxies are sufficiently self-screened, the stars inside
a galaxy can naturally be self-screened as well. The model
thus can evade the stringent local tests of gravity. However,
in high density regions, the "high-curvature solutions" are not
always achieved for f(R) models at late times in the Uni-
verse. For the family of f(R) models studied in this work,
neglecting the effects of massive neutrinos, we do not find
any "high-curvature solutions" or "thin-shell" structures in the
dense region for the models with |fR0 = 1− F | > 10−4 and
there is a factor of 1/3 enhancement in the strength of New-
tonian gravity[41]. This means that these models could be
ruled out by local tests of gravity and, conservatively speak-
ing, the viable f(R) models should be with |fR0 = 1−F | <=
10−4(B0 < 5.5× 10−4) [42]. From the tightest astrophysical
constraints B0 < 2.5 × 10−6[24] which is in the bound of
B0 < 5.5 × 10−4, we can learn that, for viable f(R) mod-
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els, at least, the chameleon screening mechanism should work
very efficiently. However, this estimation is only based on
our simulations in the case without taking account of massive
neutrinos. There are no N-body simulations available at the
moment, to our best knowledge, that have been calibrated with
neutrinos in any forms of f(R) models. To calibrate neutrinos
in f(R) simulations is an urgent object of our future work.
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